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Abstract. The unbounded bicommutant (9He/ )' of the reduction of an O*- 
algebra DJt via a given projection E' weakly commuting with 9JI is studied, with 
the aim of finding conditions under which the reduction of a GW*-algebra is 
a GW*-algcbra itself. The obtained results are applied to the problem of the 
existence of conditional expectations on 0*-algebras. 



1. Introduction and Preliminaries 

If 9Jt is a von Neumann algebra and E' a projection on the commutant 9J1 1 of 
9Jt, then it is well known that the reduced algebra 2JIe' = {XE 1 ; X e Wl} is again a 
von Neumann algebra. The notion of von Neumann algebra has been generalized to 
unbounded operator algebras by introducing several classes of 0*-algebras, such as 
GW*-algebras, EW*-algebras, etc. It is then natural and important for applications 
to pose the question if the reduced algebra of a GW*-algcbra via a projection E' 
picked in its weak bounded commutant is again a GW*-algebra. In order to answer 
this question we undertake a more general study of the reduction process for O*- 
algebras. We begin with reviewing the basic definitions and properties of O*- 
algebras needed in this paper and refer to [5l [B] for more details. 

Let TL be a Hilbert space with inner product (-| •) and V a dense subspace of 
H. We denote by C^(T>) the set of all linear operators X defined in T> such that 
XV C V, the domain D(X*) of its adjoint contains V and X*V C V. Then 
C\V) is a *-algebra with the usual operations: X + Y, aX, XY and the involution 
X h+ Jft := X* \V. A *-subalgebra of tf(V) is called an 0*-algcbra on V. In this 
paper we will assume that an 0*-algebra always contains the identity I. 

Let 9Jt be an 0*-algcbra on V. The graph topology tgji on T> is the locally convex 
topology defined by the family {|| • ||x; X e Wl} of scminorms: ||£||x = 
^ £ P. If the locally convex space 2?[tan] is complete, then is said to be closed. 
In particular, if X>[iajt] is a Frechet space, then V is called the Frechet domain of 
9Jt. More in general, we denote by X>(97t) the completion of the locally convex space 
D[irrjt] and put 

X :=X\f>{m) and 1 := {I : X e ffl}. 

Then V(Wl) = flxeart D (X) and M is a closed 0*-algebra on V(M) which is called 
the closure of 9JI, since it is the smallest closed extension of 9Jt. We next recall the 
notion of self-adjointncss of Wl. If V = V*(Wi) := Hxem D ( x *), then ^ is sa id to 
be self-adjoint. If 2?(9Jt) = T>*(pJl), then 971 is said to be essentially self-adjoint. It 
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is clear that 

23 c 23(971) C 23*(97t) 
lcicl f , Vlel. 

The weak commutant 971^ of 971 is defined by 

Wl' w = {C e B{U) : (CX£\ r,) = <C£| X^) , VA e 9Jt, V£, f] e 2?}, 

where £>(2Y) is the *-algcbra of all bounded linear operators on 7i. Then 9Jl' w is a 
weak-operator closed *-invariant subspacc of B(7i) (but it is not, in general, a von 
Neumann algebra) and (971)^ = 9Jl' w . If TX' W V C 23, as it happens for self-adjoint 
97t, then 971^ is a von Neumann algebra. In this paper we will use the following 
bicommutants of 971: 

(£00' = {A G B(«) : AC = CM, VC7 6 97U, 

OC := (9« = {le £t (p) . {C X£\ r,} = <C7£| X^rf) , VC e 97C Vf.ij G 23}. 

Then, (971^)' is a von Neumann algebra on H and 97t^ c is a r s » -closed 0*-algebra 
on 23 such that 971 C 97t^ c and (97?^,)^ = 971^, where the strong*-topology r s » is 
defined by the family G 23} of seminorms: 

p£ := M + ll^ll- *e£t(23). 
Furthermore, if 971^23 C 23, then 

SDC = {X e £t(P) : X is affiliated with (£<,)'} = (97^)' f V'' n £ f (P). 

An 0*-algcbra 971 on 23 is called a GW*- algebra if 971^23 C 23 and 971 = 97l^ c . 

Let 971 be a closed 0*-algebra on 23 such that 971^23 c 23 and let E' be a 
projection in the von Neumann algebra 971^. Let 971^' denote the reduced algebra 
M E ' = {XE' : X e 971}. Then it is known [1] that 

But the following question is open 

Question: Does the equality (Wl E i ) wc = (%R!^ c ) E i hold? 

If the answer to this question is affirmative, then the reduced algebra 971^' of a 
given GW*-algebra is again a GW*-algcbra. This question will be considered in 
Section 2, where we will show that if 23 is the Frechet domain of 971 and the linear 
span (9Jl' w E'T>) of the 971-invariant subspacc VJl^E'V is essentially self-adjoint, then 
(97tE') wc = (97t^ c )_E'. An 971-invariant subspace M of 23 is called essentially self- 
adjoint if the 0*-algebra 97T f M := {X \ M : X e 971} of M is essentially selfadjoint. 

Furtheremore, we will show that, if the graph topology tgjx is defined by a se- 
quence {T n } of essentially self-adjoint operators of 971, whose spectral projections 
leave the domain 23 invariant, then again (97Te') W c = (9Jl'^ c ) E i. 

In Section 3 we shall apply the results of Section 2 to the study of conditional 
expectations for 0*-algebras. 



BICOMMUTANTS OF REDUCED UNBOUNDED OPERATOR ALGEBRAS 



3 



2. Main results 

Let 971 be a closed 0*-algebra on V such that 971^2? C V and let E' be a 
projection in the von Neumann algebra 9Jl' w - In this Section we look for conditions 

for the equality (Wl'l c ) E > = (S^B')wc to hold - Since ( m E>)' w = {%K,)e>, it follows 
that 

(i) c UfKte'Yc = (a^C 

Hence we need only to prove the converse inclusion: (£CW)wc C (9Jt^ c ).E'. An 
element X of (9JtE') wc i s an operator on E'V, and so to show that X G (JUt^,.)^ 
we need to extend X to an operator on T>. We will consider this extension problem 
below. 

Let Z denote the central support of E' i.e., Z is the projection onto the closure of 
the subspace (M' W E'H). We define £ := {Wl' w E'V) © (I - Then (OJ^-E'D) C 

ZL> and £ cV. 

Forle (9Jl B ')wc we put 



X e [ CkE'tk + Z)rA := £ C k XE'£ k , C fe G J&C 6fe, 1^- 

V fc Ik 

Then we have the following 

Lemma 2.1. X e G ) and ((97t B ,)l)e := {X e : X G (971^)1} 

is an 0*-algebra 

on £. 

Proof. For any X G (9JIb')wc G k,Kj G 971^ and £ fe , (j , ^ ?7i G 2? wc have 
/* e Cfc^ + (/ - Z)r\ J2 K i E 'Q + i 1 - Z )Vi \ 

= j2( E ' K j c k E '^\ xiE 'Q) 



Y,C k E'£ k 



J^K^E'Q 



= (Y,C k E'^ + (I-Z)7 



(X^lj^KjE'Q + il-Z^t 



which implies that X e is well-defined and (X e y = (X') e . It is clear that X e 
is a linear operator on £. Hence X e G C'{£). Moreover, as it is easily seen, 
(XY) e = X e Y e . Hence, e(m E >) := ((M E ')l c ) e is an 0*-algebra on £. □ 

Since e(9Jtg/) is an 0*-algebra on £, its closure is an 0*-algebra on £. It is easily 
seen that £ = (Wl^E'V)*' 1 ™"' > (I-Z)V. On the other hand, V = ZV®{I-Z)T>; 
hence, if {M^E'V)^^ = ZV, we can extend any X G (9JW)wc to 23 • 
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Theorem 2.2. Let 9Jt be a closed 0*-algebra on V such that 9R' W V C V and let E' 
be a projection in the von Neumann algebra 9Jt' w . Suppose that £((DJl E iY^ c ) e ) = D 
or, equivalent^, (tm^E'V)^^ = ZV. Then, (Wl'i c ) E < = 

Proof. By the assumption, for every X G (VJIe')'^ c , X e extends to an operator X e 
on V; that is X e = X e \V and (X e ) E i = X. Furthermore, we have X e G 9JZ((, 
Indeed, for every C G 9Jt' , we have 



we * 



CX e ( Y] CkE'tk + Z)n ) = CkXE'^k 

k 



Y^CCkXE'^ 

k 

X e C CkE'tk + (I - Z)n 



for every C fe G M' w , ^ kj rj G V. Hence, CX e = X e C on £ and so CX e = X e C. Thus 

X e G M'i c and X = (X e ) E , G {%K C ) E >. In conclusion, (371^)1 c ( OT wc)fi' and by 
(fTJ) the equality follows. □ 

The next step consists, of course, in looking for situations where the conditions 
of Theorem 12.21 are satisfied. We begin with the following 



Lemma 2.3. Let 9Jt and E' be as above. Suppose that 

(i) for every X G (9JIe') wc there exists an element Y of SH^c such that 

\\x e a\\ < imil, v£g£ 

(equivalently, X\X e < Y^Y on £) 

(ii) (Wt> w E'V) tm ™ = ZV. 

Then, {m E ,)l c = {<m'i c ) E ,. 

Proof. The conditions (i) and (ii) immediately imply that 

ZV C (m' w E'v) telmE ' } . 

Hence 



{W W E'V) ° K E " = ZV. 
By Theorem we get (9JW)wc = (3*0^ . □ 

Remark 2.4. A comment is in order for condition (ii) of Lemma 12.31 Let us in 

fact consider the following statements: 

(i) The 9Jt^ c -invariant subspace (93l' w E'V) is essentially self-adjoint for 97l((, c . 

(ii) (Wl' w E'V) tw - = ZV. 

Then (i) (ii). In particular if 5DT is self-adjoint, then the two conditions are 
equivalent. For the proof we refer to [5]. 

Theorem 2.5. Let Wl be a closed 0*-algebra V with V a Frechet domain of Wl. 
Assume that DJl' w V C V. Let E' be a projection in 9Jl' w and assume that (9Jl' w E'V) 
is essentially self-adjoint for 9Jl^ c . Then, (5He') W c = {^wc)e'- 
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Proof. Since V[tyn] is a Frechet space, the topology tm is defined by a sequence 
{T„} of elements of 971 satisfying 

||£||<IM<||T 2 £]|,..., V£eZ>. 

Any X e £T(x>) is a closed linear operator on the Frechet space Insert] hito the 
Hilbert space H., which implies, by the closed graph theorem, that the topology t%n 
is equivalent to the graph topology ^(p) defined by C^(T>). This in turn implies 
that, for every X G £^(2?) there exist no 6 N and 7 > such that 

(2) ||X£||< 7 |M, V£gD. 

Take now an arbitrary X G (Wl E <)'i c . Since XE' G £ f (X>), it follows from J2|) that 

(3) \\XE>a<i\\T n Ml V£eP. 

Since 9Jl' w is a von Neumann algebra, for every C G 9Jl' w and £ £ 2?, we have 

||X e (C£'OH 2 = licx^n 2 

= (E'C*CE'XE'£\ XE'Cj 
= WiE'^CE'f^XE'if 
= \\XE'(E'C*CE') 1/2 £_\\ 2 

< ^WT^XE'^CE'f'^W 2 
= 7 2 ||(£'C*C£') 1/2 T„ £|| 2 

= 7 2 ||C£'T„ £|| 2 
= ^WT^CE'a 2 - 

Hence, the condition (i) of Lemma 12.31 is satisfied. By the same Lemma we then 
get the equality (Wl E < )1 = @Kc) E ' . □ 

Lemma 2.6. Let dJl be a closed 0*-algebra on a Frechet domain T> inTL such that 
tgji is defined by a sequence {T n } of essentially self-adjoint operators of 971 whose 
spectral projections belong to 971. 

Let M. be an 971- invariant subspace of T> such that the projection Pm onto Ai 
belongs to 971^. 

Then A4 is essentially self-adjoint for 971 or, equivalently, PmD = M • 

Proof. First we observe that M tm C PmD- Hence we only need to show that 
the converse inclusion also holds. Take an arbitrary £ G T>. Then there exists a 
sequence {£„} in M. such that lim„^oo ||£„ — Pa/i£|| = 0. By ([3|), for every X G 971, 
there exists no G N and 7 > such that 

(4) |LY£||<7||T no £jj, V£GP. 

By the assumption, T no is self-adjoint. Let T„ = \dET nQ (A) be the spectral 
resolution of T„ .We put E k := Ej> n (k) — Et„ {—k), k € N. Then, by assumption 
E k \V G m, Vfc G N and so, E k £ n G °M, Vfc, n G N and lim.,^ \\E k £ n - E k P M £\\ = 
0. Furthermore, by (j4]) wc have 

\\XE k t n - XE k U\\ < l\\T no E k (Cn - £ m )|| -» 0, as n,m -» 00. 



Hence E k P M £ G D(X f.M). 
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Furthermore, 

\\XE k P M Z-XP M Z\\ < 'y\\T no E k P M ^-T no P M ^\\ 

= l\\P M {E k T n( £-T no £,)\\ 

< 7 \\E k T n ^-T n M\ -^Oasfc^oc, 

which implies that PmS, G D(X\ M). Hence, 

PM^e f| D{X\ M) = M tm . 
xem 

Thus PmD = M. m . This is equivalent to M. being essentially self-adjoint for 9Jt, 
since 9Jt is clearly self-adjoint. 

□ 

By Theorem 12.51 and Lemma 12.61 we have the following 

Theorem 2.7. Let 971 be a closed 0*-algebra such that tyn is defined by a sequence 
{T n } of essentially self-adjoint operators of 9Jt whose spectral projections leave the 
domain T> invariant. Let E' be a projection in 971^. Then (9JIe') W c = (^wc)-E'- 

Proof. It can be shown that 971 is a self-adjoint 0*-algebra on the Frechet domain 
V, so that Wl' w T> C T>, £ot^ c = t*m and Tl'^ c is a self- adjoint O*- algebra on the 
Frechet domain T>. Furthermore 

P(M' wE 'v) = zewi' w n (9JC)' = (Ol n ((aJCX)'- 

Moreover, since the spectral projections of the operators T n leave the domain T> 
invariant, they automatically belong to DJl'^ c . Hence, the self-adjoint 0*-algcbra 
9Jt^, c and the 9Jl^ c -invariant subspacc {M' W E'T>) of T> satisfy all the conditions in 
Lemma dS and so ZV = (M' w E'V) tm ™ . Then, by Theorem (®Mwc = 
VKc)e<- 

□ 

Corollary 2.8. Let T be an essentially self-adjoint operator in H. and 9JI be a self- 
adjoint 0*-algebra onT>°°(T) := f] nGN D(T ), containing T. Let E' be a projection 
inWl> w . Then {m E >)'U = 0*0*' ■ 

Proof. The spectral projections Et{X), A G R, of T satisfy: 

. E T (X) e VA e R; 

• E T (X)H C X>°°(T), VA G R. 
The statement then follows from Theorem 12.71 □ 

Apart from GW*-algebras, another unbounded generalization of von Neumann 
algebras is provided by the notion of extended W*-algebras, shortly EW*-algebras, 
defined as follows: A closed 0*-algebra 9JI on V is said to be an EW*-algebra 
if (L + X^X)- 1 exists in 97l b := {A G M : A G B(H)}, for every X G 9Jt and 
97lb := {A G 9JI : A G SClb} is a von Neumann algebra [2]. It is easily shown 
that every EW*-algebra on a Frechet domain satisfies the conditions of Theorem 
12.71 (remind that every symmetric element of an EW*-algcbra is essentially self- 
adjoint). Hence we have the following 

Corollary 2.9. Let 9Jt be an EW*-algebra on the Frechet domain T> in Hilbert 
space TL and E' a projection in 9Jl' w . Then, (SCIb')wc = (^wc)-E'- 
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3. Applications 

In this section wc show how to use the results of Section 2 in the analysis of the 
existence of conditional expectations for 0*-algebras, which were first studied in 

Hi- 

Let 971 be a given 0*-algebra on T> in TL with a strongly cyclic vector £o- Here 
£o £ 2? is said to be strongly cyclic for 971 if 971£o ™ = f. With no loss of generality 
we will assume that ||£o|| = 1- Let 91 be a 0*-subalgebra of 971. A map £ of 971 
onto 91 is said to be a conditional expectation of (97i, £o) w.r.t. 91 if it satisfies the 
following conditions: 

(i) £(xy = £(Xt), VI g 971, and £(A) = A, VA e 91; 

(ii) f(XA) = £(X)A and £ (AX) = A£(X), VI e 971, VA e 91; 

(iii) W| (f(X)) = u>£ (X), \/ X e 971, where W£ is a state on 971 defined as 

ue o (x) = (xz D \z ),xem. 

In the case of von Neumann algebras Takesaki [7j characterized the existence 
of conditional expectations using Tomita's modular theory. Thus a conditional 
expectation does not necessarily exist for a general von Neumann algebra. Hence, 
in [31 [3] Ogi, Takakura and one of us considered a linear map £ of a j-invariant 
subspacc D(£) of 971 onto 91 satisfying the above conditions (i), (ii) and (iii) on 
D{£). Such a map is called an unbounded conditional expectation of (971, £o) w.r.t. 
91, and it was shown that there exists the largest unbounded conditional expectation 
£<xi of (971, ^o) w.r.t. 91. Furthermore, the existence of conditional expectation was 
characterized, using Takesaki's result in the case of von Neumann algebras. But a 
deeper analysis is needed since, at that stage the problem was not solved even in the 
case of GW*-algebras. One of the reason is that the reduction of a GW*-algebra is 
not necessarily a GW*-algebra, in contrast with the case of von Neumann algebras. 
For £<ji to be a conditional expectations of (971, £q) w.r.t. 91 (i.e., everywhwre defined 
on 971), the following result given in [H Corollary 6.2] holds. 

Lemma 3.1. Let 971 be a closed 0*-algebra on V in TL such that ffi w T> C V. Let 
£o be a strongly cyclic and separating vector, in the sense that 971^£o = "H- Suppose 
that 91 is a closed 0*-subalgebra o/97l satisfying 

(i) 91^P C V; 

(ii) 91£o is essentially self-adjoint for 91; 

(iii) A^ it (91^)'A^ o -4 * = (91^)', Vt € R, where A'^ is the modular operator of 
the left Hilbert algebra (971^)'^ ; 

(iv) yip m is a GW*-algebra on PyiD, where P<ji is a projection ofTL onto 91£o- 
Then £<yi is a conditional expectation of (971, ^o) w.r.t. 91. 

By this Lemma and Theorem 12.51 we deduce the following 

Theorem 3.2. Let 971 be a closed 0*-algebra onT> inJi with a strongly cyclic and 
separating vector £o such that 9Jl' w T) C T> and let 91 be an 0*-subalgebra of 971. 
Suppose that 91 is a GW* -algebra on a Frechet domain T> satisfying 

(i) 91£o and l^Sl' w P<siD) are essentially self-adjoint for 91; 

(ii) A^ it (9i;)'A^ o - it = (94)',VteM. 

Then £yi is a conditional expectation of (971, £ ) w.r.t. 91. 

By Lemma 13.11 and Theorem 12.71 we deduce the following 
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Theorem 3.3. Let (97t, £ ) be as in Theorem \3.2\ and 91 an 0*-subalgebra o/ 971. 
Suppose 91 is a GW*-algebra on T> satisfying: 

(i) tyi is defined by a sequence {T n } of essentially self-adjoint operators in 91 
whose spectral projections leave the domain T> invariant; 

(ii) A£ o «(9C)'A£-« = (%,)', VteR. 

Then £<y\ is a conditional expectation o/ (971, £o) w.r.t. 91. 

Proof. By Lemma 12.61 91£o and (91' u P<tt£>) are essentially self-adjoint for 9T; by 
Theorem 13.21 it follows that £<yi is a conditional expectation of (371, £o) w.r.t. 9T. 

□ 

Corollary 3.4. Let (971, £ ) be as in Theorem \3.2\ and 91 an 0*-subalgebra of 971. 
Suppose 9c is a GW*-algebra on 2?°°(T) where T is an essentially self-adjoint op- 
erator in 9T ; awe? A^ 1 (Ol^'A^ lt — (9 f l' (J )', Vt G K. Then, £<n is a conditional 
expectation o/ (971, £o) w.r.t. 91. 

Corollary 3.5. Lei (971, £o) fre as m Theorem \3.2\ and 91 an 0*-subalgebra o/97T. 
Suppose 91 is an EW*-algebra on a Frechet domain T> satisfying A^ o lt (91^)'A^' o lt = 
(91^,)', Vt £ 1. TTien £ty\ can be extended to a conditional expectation £yx" of 

(arc ,6 ) w.r.t K c . 
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